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Outline

• Part 1: Compact data representations compared
‣ wavelets
‣ tensor approximation (Tucker model)
‣ compression and multiscale features

• Part 2: Multiresolution TA Hierarchies
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Part 1: Compact Data 
Representations 

Compared



Compact Data Representation
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data 
reduction

feature 
detection



Compact Data Representation in DVR
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• Discrete cosine transform
[Yeo & Liu, 1995]

• Fourier transform
[Chiueh et al., 1997]

• Wavelet transform
[Rodler, 1999; Guthe et al, 2002]

• Vector quantization
[Schneider & Westermann, 2003; Fout & Ma, 2007; Parys & Knittel, 
2009]

• Tensor approximation
[Wu et al., 2008; Suter et al., 2010+2011+2013]

• Sparse coding
[Gobbetti et al., 2012]

Balsa et al.. A Survey of Compressed GPU Direct Volume Rendering. 
Eurographics state-of-the-art report, May 2013.



Feature Extraction

• Typically done with multiresolution analysis
‣ significant components at low frequencies

– details at high frequencies

• Visualize features at multiple spatial scales
‣ achieved through tensor rank truncation

6

Suter et al., VMV 2010. Application of tensor approximation to 
multiscale volume feature representations.



Tucker Tensor Rank Truncation
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Example: Rank Truncation
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R = 4R = 8R = 16R = 32R = 64R = 128R = 256

U(n)
Kn

U(n)

high feature scale low feature scale



Application: 
Multiscale Dental Growth Pattern

9

enamel

dentine

scale = 0.05mm

R
e
tziu

s
 lin

e
 a

t t

R
e
tziu

s
 lin

e
 a

t t-n

n
 d

a
ily

in
c
re

m
e
n
ts

Suter, Zollikofer and Pajarola. Application of tensor approximation 
to multiscale volume feature representations. In Proceedings Vision, 
Modeling and Visualization, pages 203–210, 2010.



Synthetic 3D Dental Growth Structures
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Source: Macho et al., 2003

[Suter et al., 2010]



Non-axis-aligned Synthetic Features
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original

2563 = 
16’777‘216

960‘000 
coefficients

2’200’000 
coefficients

57’344 coefficients
≈ 1/300

Rk = 64 Rk = 32 Rk = 16 Rk = 8 Rk = 4 Rk = 2

biorth. wavelet

Haar wavelet

tensor 
approximation

[Suter et al., 2010]



Real Dental Growth Structures
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Real Multiscale Dental Growth Structures
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2‘200‘000 coeff. 310‘000 coeff. 57‘500 coeff. 16’500 coeff.

original size:
2563 = 16’777‘216

TA

WT

[Suter et al., 2010]
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Reconstruction “Error” vs. Compression
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WT vs. TA
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Wavelet Transform (WT) Tensor Approximation (TA)
• Bases are adopted for a 

given dataset
‣ search for major direction/

variability within dataset

• Higher quality images at 
high data reduction ratios

• Goal: lossy, but keep 
features
‣ analyze and count

• Recursive decomposition at 
each scale into coarser 
resolutions

• Traditional multiresolution:
‣ projects signal at different 

resolutions onto a prescribed 
bases without knowledge on 
data

• Axis-aligned data reduction



Part 2: Multiresolution 
TA Hierarchies



Multiresolution Analysis
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multiresolution visualization

viewpoint

progressive image refinement

viewpoint



Multiresolution Tree Data Structure
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lowest resolution (root) = level 1

highest resolution  (leaves) = level N

...

...

...

B3 bricks

...

...

...

.........



Hierarchical Tucker Model
• Multiresolution analysis
‣ significant components at low frequencies 
‣ less important components at high frequencies
‣ high-frequency components have smaller spatial support
‣ thus, high-frequency components receive shorter basis 

vectors

• Why? 
‣ exploit more redundancy 
‣ receive smoother borders

19

Wu et al.. Hierarchical tensor approximation of multidimensional 
visual data. IEEE Transactions on Visualization and Computer 
Graphics 14(1):186-199, January/February 2008.



Tensor Ensembles
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[Wu et al., 2008]
3rd-order tensor
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Tensor Ensemble Ranks

• Multilinear rank (R1,R2, ... RN) defined per hierarchy:
‣ start with Rn  = In  / 8 or In  / 16
‣ each next hierarchy rank Rn is half of the rank of the 

previous hierarchy level
‣ for example: 32, 16, 8, 4, 2

21

[Wu et al., 2008]



Residual-based Hierarchy
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[Wu et al., 2008]

...

...

...



Hierarchical TA and WT on a BTF

23

biorth. wavelet wavelet packet single level TA
[Wang et al., 2005]

multi level TA

compression 
ratio: 55

compression
ratio: 3,922

original: sponge BTF 
- 45 views
- 60 illuminations
- image: 128x128

[Wu et al., 2008]



Multiresolution Direct Volume Rendering
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Suter et al.. Interactive multiscale tensor reconstruction for multiresolution 
volume visualization. IEEE Transactions on Visualization and Computer 
Graphics, 17(12):2135–2143, December 2011.

...

...

B3 bricks

...

...

...

.........

core tensor    and
basis matrices U

B

lowest resolution

highest resolution

local per-brick TA 
bases



Rank-reducibility and Feature Extraction
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[Suter et al., 2011]



Rank-reducibility and Feature Extraction
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[Suter et al., 2011]



Why Improve Existing Model?

• Flexible rendering based on user choice of a feature 
scale

• Improve brick-border artifacts
• Exploit redundancies
• Reduce storage costs

27



Motivation for Global Bases

I1

I2

I3

R = 32

R

I1

U(1)

I1 = I2 = I3 = 2 ·B
B = 64

B3bricks

• Exploit redundancies among bricks
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Motivation for Global Bases

I1

I2

I3

R = 32

R

I1

U(1)

I1 = I2 = I3 = 2 ·B
B = 64

B3bricks

• Use knowledge about neighboring bricks 
(brick-border artifacts)

29



TA Hierarchy with Global Bases

lowest resolution

highest resolution

...

...

B3 bricks

...

...

...

.........core tensor   B

mipmapped 
factor matricesU

(n)
#k

...

global TA bases octree of core tensors

30

Suter, Makinya, Pajarola, EuroVis 2013. TAMRESH - Tensor Approximation 
Multiresolution Hierarchy for Interactive Volume Visualization.



2 tensor rank truncation

1.1 spatial selection
1.2 spatial subsampling

TA Bases Properties
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Spatial Selection

U(3)U(1) U(2)

1 2
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Spatial Subsampling

 643

 
1283 2563

5123

8bit

U(n) U(n) U(n)

U(n)
#2U(n)

#1U(n)
#0

A#0
A#1 A#2 A#3
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TA Bases Properties
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➡ use for state-of-the-art 
multiresolution volume rendering

➡ use for multiscale volume 
feature visualization
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Multiresolution and Multiscale DVR

35

Suter, Makhinya and Pajarola. TAMRESH: Tensor approximation multiresolution 
hierarchy for interactive volume visualization. Computer Graphics Forum, 2013.



Coupling Global Bases with Rank 
Truncation

• Multiscalability through tensor rank truncation
‣ necessary condition: 

produce core tensors from orthogonal TA factor matrices

36



Integrate Rank Truncation

I1

I2

I3

R = 32

R

I1

U(1)

I1 = I2 = I3 = 2 ·B
B = 64

B3bricks

• TA-based multiresolution model uses spatial selectivity
➡Orthogonality property in core tensors lost
➡Rank truncation not possible

full matrix:
orthogonal 
columns

:-)

sub-matrix:
non-orthogonal 
columns

:-(
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Brick-row-block Correspondence

I1

I2

I3

R = 32

R

I1

U(1)

I1 = I2 = I3 = 2 ·B
B = 64

B3bricks

• One row-block corresponds to bricks of same spatial position 
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Maintaining All-orthogonal Core Tensors

Jn

Jn

Jn

Jn

Jn

In

Rn Rn
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SVD

SVD

SVD

U(n)
#k

U(n)
Jn #k
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Jn #k
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• Row-block SVDs on TA factor matrices
• Adapted from 

orthogonal columns

non-orthogonal columns

Tsai & Shih. K-clustered tensor approximation: A sparse multilinear model 
for real-time rendering. ACM Transactions on Graphics, 2012. 
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Feature Scale Parameter

• Feature scale parameter modeled through tensor rank 
truncation

• Different approximation errors 
‣ truncated reconstructions vs. original

• Error in terms of RMSE 
‣ per brick

• Preprocessing routine

40



Multiscale and Multiresolution

41

[Suter et al., 2013]
high feature scale low feature scale



Link Feature Scale to Rendering

• Multiscale rendering does not map to typical 
multiresolution hierarchy rendering

• Feature scale per brick
• One feature scale matches to different resolutions of a 

brick
• Swap between resolution levels
• Link feature scale parameter to the renderer

42



Increase Feature Scale Parameter

swap resolution

43



Adaptive Multiresolution and Multiscale 
Visualization

root level

leaves level

level 2

level 3

maximum
error front

minimum
error front

multiresolution
front

2 force block refinement

1 prevent block refinement
2

1

maximum
error front

minimum
error front

multiresolution
frontmultiresolution and 

multiscale front
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Storage Costs of TA Hierarchy Models

• Theoretical costs
‣ without empty space skipping
‣ without pruning/thresholding of coefficients

• Assumptions
‣ brick size
‣ initial rank 

• Suter et al., 2011: 
• Suter et al., 2013:

46

Rinit = 32
B = 64

⇡ 0.17 · I3

⇡ 192 · I +0.14 · I3



Storage Costs of TA Hierarchy Models

• Core tensors
‣ Wu et al., 2008: 
‣ Suter et al., 2013:

• Factor matrices
‣ Wu et al., 2008: 
‣ Suter et al., 2013: 

• Rank
‣ Wu et al., 2008: 
‣ Suter et al., 2013: 

• Pruning is an important factor for Wu et al., 2008

47

O(log(I) ·R3
)

O(R3)

O(4 · I ·R) +O(
I6

B6
)

O(6 · I ·R)

R =
I

16

R =
B

2
= 32



Quantization of TA Hierarchy Models

• Compact representation coefficients usually floating 
point numbers

• Quantize coefficients

48

factor matrices core tensors

Wu et al., 2008 8-bit 8...20-bit

Suter et al., 2011 16-bit 8-bit

Suter et al., 2013 32-bit* 8-bit

*no quantization



Storage Costs of TA Hierarchy Models

• Theoretical costs
‣ without empty space skipping
‣ without pruning/thresholding of coefficients

• Assumptions
‣ brick size
‣ initial rank 

• Wu et al., 2008: 
• Suter et al., 2011: 
• Suter et al., 2013:

49

768 · I +0.14 · I3

0.20 · I3

Rinit = 32
B = 64



Summary
Scientific Visualization Applications

• Compact data representations in scientific visualization
‣ Tucker models

• Multiscale feature extraction
‣ tensor rank truncation

• Hierarchical (multiresolution) Tucker models
‣ residual-based approach (pruning important) [Wu et al., 2008]

‣ simple brick-based multiresolution model [Suter et al., 2011]

‣ global bases; multiresolution and multiscalability [Suter et al., 2013]

• Compression via TA

50



Tutorial: Tensor Approximation in Scientific 
Visualization

Implementation Examples
Susanne K. Suter, Rafael Ballester-Ripoll, Renato Pajarola



Outline

• Part 1: Typical decomposition algorithms/operations
• Part 2: GPU-based tensor reconstruction

52



Typical TA Operations
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tensor approximation

tensor decomposition
real-time

tensor reconstruction
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Tensor Decomposition

• Create factor matrices
‣ higher-order SVD (HOSVD)

– tensor unfolding

‣ alternating least-squares (ALS) algorithms
– higher-order orthogonal iteration (HOOI)
– higher-order power method (HOPM)

• Generate core tensor
‣ tensor times matrix (TTM) multiplications

54
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I1 A

I3
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Tensor Reconstruction

• Realtime (!) reconstruction
‣ tensor times matrix (TTM) multiplications

55

I2
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I1 fA
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Tensor: A Multidimensional Array
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a

0th-order tensor

I1 a

i1 = 1, . . . , I1

1st -order tensor

I1 A

i2 = 1, . . . , I2

I2

2nd-order tensor

I2

I1 A

i3 = 1, . . . , I3

I3

...

3rd-order tensor



SVD Extension to Higher Orders
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I3

I1

I2

A

• PARAFAC (parallel factors) [ Harshman, 
1970 ]

• CANDECOMP (CAND) (canonical 
decomposition) 
[ Caroll & Chang, 1970 ] 

CP

I1 U
(1
)

I2

U(2)

I3

U
(3)

R

R

R

R
coefficients

• Three-mode factor analysis (3MFA/Tucker3) 
[ Tucker, 1964+1966 ]

• Higher-order SVD (HOSVD) 
[ De Lathauwer et al., 2000a ]

Tucker

I1 U
(1
)

I2

U(2)

I3

U(
3)

R1

R3

R2 R3
R1

core tensor B

basis matrices U(n)

B
R2

rank-R decomposition
preserved

orthonormal matrices
preserved



Part 1: 
Typical Decomposition 

Algorithms and Operations



Downloads

• MATLAB tensor toolbox 
‣ http://www.sandia.gov/~tgkolda/TensorToolbox

• vmmlib: C++ library for vectors, matrices, and tensor 
approximation
‣ http://vmml.github.io/vmmlib/

• Tensor tutorial notes
‣ http://vmml.ifi.uzh.ch/links/TutorTensorAprox.html

59

http://www.sandia.gov/~tgkolda/TensorToolbox
http://www.sandia.gov/~tgkolda/TensorToolbox
http://www.sandia.gov/~tgkolda/TensorToolbox
http://www.sandia.gov/~tgkolda/TensorToolbox
https://github.com/VMML/vmmlib
https://github.com/VMML/vmmlib
http://www.ifi.uzh.ch/vmml/links/TutorTensorAprox.html
http://www.ifi.uzh.ch/vmml/links/TutorTensorAprox.html


Test Dataset: Hazelnut

60

• A microCT scan of dried hazelnuts
• I1 = I2 = I3 = 512
• Values: unsigned char (8bit)
• http://vmml.ifi.uzh.ch/research/datasets.html

I2

I1 A

I3

http://vmml.ifi.uzh.ch/research/datasets.html
http://vmml.ifi.uzh.ch/research/datasets.html


Higher-order SVD (HOSVD)
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start HOSVD 
for mode n

tensor A

stop HOSVD 
for mode n

set        left singular 
vectors as U_n

Rn
U(n)

compute the matrix 
SVD on A_nA(n)

A

mode n 
matrix U_nU(n)

unfold A   along 
mode n (A_n  )A(n)

A

De Lathauwer, de Moor, Vandewalle. A multilinear singular value decomposition. 
SIAM Journal on Matrix Analysis and Applications, 21(4):1253–1278, 2000.



Slices of a Tensor3
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frontal slices horizontal slices

matrix< 512, 512, values_t > slice; 

t3.get_frontal_slice_fwd( 256, slice ); 

t3.get_horizontal_slice_fwd( 256, slice );

t3.get_lateral_slice_fwd( 256, slice );

lateral slices

[vmmlib]



Tensor Unfolding (Matricization)
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A(1)

A(3)

I2 · I3

I3 · I1

I1 · I2

Kiers. Towards a standardized 
notation and terminology in multiway 
analysis. Journal of Chemometrics, 
14(3):105–122, 2000.

forward cyclic unfolding backward cyclic unfolding

De Lathauwer, de Moor, Vandewalle. 
A multilinear singular value 
decomposition. SIAM Journal on 
Matrix Analysis and Applications, 
21(4):1253–1278, 2000.



Tensor Unfolding Example
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... ...mode-1 
unfolding

... ...mode-2 
unfolding

... ...mode-3 
unfolding

262’144

262’144

262’144

51
2

51
2

51
2



Higher-order SVD (HOSVD)
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start HOSVD 
for mode n

tensor A

stop HOSVD 
for mode n

set        left singular 
vectors as U_n

Rn
U(n)

compute the matrix 
SVD on A_nA(n)

A

mode n 
matrix U_nU(n)

unfold A   along 
mode n (A_n  )A(n)

A

De Lathauwer, de Moor, Vandewalle. A multilinear singular value decomposition. 
SIAM Journal on Matrix Analysis and Applications, 21(4):1253–1278, 2000.



Large Data Tensors (in vmmlib)
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A

I1

I2

I3

! const size_t d = 512;
! typedef tensor3< d,d,d, unsigned char > t3_512u_t;
! typedef t3_converter< d,d,d, unsigned char > t3_conv_t;
! typedef tensor_mmapper< t3_512u_t, t3_conv_t > t3map_t;

[vmmlib]

! std::string in_dir = "./dataset";
! std::string file_name = "hnut512_uint.raw";
! t3_512u_t t3_hazelnut;
! t3_conv_t t3_conv;

! t3map_t t3_mmap( in_dir, file_name, true, t3_conv ); //true -> read-only
! t3_mmap.get_tensor( t3_hazelnut );



Optimize Factor Matrices
• Higher-order orthogonal iteration
‣ optimize factor matrix of mode n
‣ keep factor matrices of all other modes fixed
‣ generate optimized data tensor

– project original data tensor on the inverted factor matrices of all 
other modes

‣ receive optimized mode-n factor matrix
– apply HOSVD to the optimized tensor

67

De Lathauwer, de Moor, Vandewalle. On the best rank-1 and rank-(R1,R2,...,RN) 
approximation of higher-order tensors. SIAM Journal on Matrix Analysis and 
Applications, 21(4):1324–1342, 2000.



Optimize Mode-n Factor Matrix

68

invert all matrices, 
but mode n

start mode-n 
optimization

multiply tensor with 
all inverted 

matrices (TTMs)

optimized 
tensor A'

tensor aa, 
matrices Uu

stop mode-n 
optimization

U(n)
A

Pn

I2

R2

I1

A

U(2)T

I2

I3

T
R2

I1 I3

R3 U(3)T

R2

I3

R3

T

P
I1R2



Higher-order Orthogonal Iteration (HOOI)
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convergence?

init matrices U
(random, HOSVD)

compute max 
Frobenius norm

set convergence 
criteria

input 
tensor A

mode-n 
optimization

compute new 
mode-n matrix 

(HOSVD on Aab)

yes

no

compute core 
tensor hh

compute fit

stop 
iterations

start HOOI ALS

matrices uua, 
core tensor B

mode-n optimized 
tensor PPPP

A

U(n)

U(n)

B

B

Pn

Pn



Tensor Times Matrix Multiplication
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C

B(n) In

In

A(n) JnJn

I1 · I2

I1 · I2

A(n) = CB(n)

A

B

C

In

In

I1

I1

Jn
Jn

I2

A = B⇥n C

,

(B⇥n C)i1...ın�1 jnin+1...iN =
In

Â
in=1

bi1i2...iN · c jnin

n-mode product
[De Lathauwer et al., 2000a]



Example TTMs: Core Computation
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I1

I2

I1

R1

A

U(1)T B
0

I2

R1

I3 I2

R2 B
00

U(2)T

B
0

I2

I3

I3

R2

R1 I3

R3 BU(3)T

B
00I3

R1

R1

R3

R2

• Three consecutive TTM multiplications
• For orthogonal matrices, use the transposes of the 

three factor matrices (otherwise the (pseudo)-inverses)

B = A �1 U(1)T �2 U(2)T �3 · · ·�N U(N)T
B = A ⇥1 U(1)(�1)⇥2 U(2)(�1)⇥3 · · ·⇥N U(N)(�1) orthogonal

factor matrices



Part 2: 
GPU Reconstruction

Suter et al.. Interactive multiscale tensor reconstruction for multiresolution 
volume visualization. IEEE Transactions on Visualization and Computer 
Graphics, 17(12):2135–2143, December 2011.



Parallel Tensor Reconstruction

73

To appear in an IEEE VGTC sponsored conference proceedings

for the outer product between the corresponding column vectors in the
factor matrices

⇥A = Â
r1

Â
r2

Â
r3

br1r2r3 · u(1)
r1 · u(2)

r2 · u(3)
r3 . (A.4)

The sum of all theses weighted “subtensors” forms the approxima-
tion ⇥A of the original data A (see Fig. 13).

+ ...= ... +

I3I2

I1
br1r2r3

u(1)
r1

u(2)
r2

u(3)
r3

�A

Fig. 13. Tensor reconstruction from Eq. A.4 visualized.

Another approach, is to reconstruct each element of the approxi-
mated dataset individually, which we call voxel-wise reconstruction
approach. Each element �ai1i2i3 is reconstructed as shown in Eq. A.5,
i.e., sum up all core coefficients multiplied with the corresponding co-
efficients in the factor matrices (weighted product).

�ai1i2i3 = Â
r1

Â
r2

Â
r3

br1r2r3 · u(1)
i1r1

· u(2)
i2r2

· u(3)
i3r3

(A.5)

A third reconstruction approach is to build the n-mode products
along every mode [15] (notation: B⇥n U(n)), which leads to a ten-
sor times matrix (TTM) multiplication for each mode, i.e., dimension.
This is analogous to the Tucker model given by Eq. A.3. The n-mode
product between a tensor and a matrix is equivalent to a matrix prod-
uct as it can be seen from Eq. A.6. In Fig. 14 we visualize the TTM
approach using n-mode products.

Y = X ⇥n U⇤ Y(n) = UX(n), (A.6)

where X(n) represents the mode-n unfolded tensor, i.e., a matrix.
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(a) TTM 1
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(b) TTM 2

I3

R3

U(3)

I2

R3

I1�3

B��

�A

I2

I3

(c) TTM 3

Fig. 14. TTM: tensor times matrix along the 3 modes (n-mode products).
Backward cyclic reconstruction after Lathauwer et al. [6].

Given the fixed cost of generating an I1⇥ I2⇥ I3 grid, the computa-
tional overhead factor varies from cubic rank complexity R1 ·R2 ·R3 in
the case of the progressive reconstruction (Eq. A.4) to a linear rank
complexity R1 for the TTM or the n-mode product reconstruction
(Eq. A.5). (For R = 16, the improvement to R3 = 4⌅096 is 256-fold.)
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Conclusion

• Critical implementation steps
• Tensor decomposition
‣ initial decomposition or a large input tensor 

– memory mapping

‣ tensor times matrix (TTM) multiplications
– parallel matrix matrix multiplications

‣ higher-order SVD

• Tensor reconstruction
‣ GPU implementation of TTM
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